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[Flgures are appended./

By a mothod of abridged equetions A study is madv of a vacuum-
tube oscillator wlth antomatic cathode-blas aircult. For the dis-
continuous linear charactsristics of the tubse an sxpreasion 1s Pourd
for the amplitude of self-ercitaticn and =n explanatinn is z'ven of
the necesmsary conditiona for self-modulation of self-excltaticn. It
is demonstrated that a "soft" formation of self-modulation taken
Place.

The results obtaired were quite satietactorily proved by
experiment. Photographs wsre taken of phase trace: on & van der
Poi plane by means of a cathode oaciilograph, which proved the
"sort" formation of sslf-modulation.

A. Introdyction

The phonomenon of aelP-modulation and fts particular form, intermittent
oscillation (The phensmenon nf gelf-modulation was discovered by Armstrong ﬂ
and, !ndependeutl,y, by Rezhevkin E/ The first explanation of intermittent gen-
eratiod s~ bhe sispldst forw -7 sell-moklation -- was given by Vvedenskiy and
Rzhevkin . Other works /b - 7_/ have also beau devoted to intormittent
goneration and self-madulaticn.) wase cbeserved in certaln relallons betwesn
the parametere !'. vacurm-iub2 oscillators with automatic cath.de-bias circuit
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or grid circuits. In the foraer case ¢ sgntive grid blas, varying anto-
matically with variation in oscillator rhythm, is obtalned on account of the
emigsion current of an electrouic tube {Figures 1 and 2); in the latter, on
aceount of grid currents flowing through a grid leak. Such automatic-blas
circnits are used in an overwielming majority of vacuum-tube oscillator
syatems to develop the necessary grid blas without uaing special batteries
and to improve vscillator stability.

The phenomenon of self-modulatinn taekes place wheo the opsrations carried
sut are unstable without automatic bias and the capacity of an sutomatio-blas
cirouit sxoeeds & certain critical amount. This means that a vacuun-tube
pecfllator, instead of “normal” quasi-sipusoidal eslf-exoltation, produces )
self~excitation modulated according 0 amplitude (the Torm of self-modulation Pa
and- 1ts period ars dstermined by the parametere of the vaouum-tuie sacil-
istor). As the sapacity of an automatio-blas circult lncreases, the gelf-
aoduletion of gelf-excitation increases in depth and is gradually converted
into Intermittent oscillation expressed by periodic cessations of high-
frequency .scillations.

Thig article studies a self-excited vasuum-tube osclllator with automatic
sathode-blan circuit, by assuming that suck an osolllator approximates a
1ineas csolllatory conservat” @ system and by using so-called sbridged

- oquations.

?’f : B. Abridged Equations

¥ Lot us examine a vacunu-tuue oscillator with automatic sathode-blas
otrouit (Figure 1). The processes in svch an oscillator are determined by
the following syatem of differential equations (see notatices in Figure 1)

. L4l + Riz=yv— M-dia
Vg= v+ U
— (4 . ; =
dCa-;._-_.- l,+)]u (1)
__.Ck#m)“-l— 2g+—£—;-

Let us introduce abstract dimensionless time:

T=wth (2)

whorew 7T 1is the natural frequency of the vacllletory circuit; and the
dimensionléss dspeadent variables z, y, z are defined as follova:

=ax, b=—5Iy ez (3)
. (a is soms unit of voltage).

Lot us assume that the anode and g-id vurrents of the electrsnic tube
do not depend on the anode voltage Vg , but are simple and derivative
- fandtions of the grid voltage vy :

Zy=ig4 (‘/g), ig= ig (vg) (3a)

Then, when ig4 i, , the eystem of equations (1) 18 reduced to a system
of the following dimensionless form:
. -j;:-—y—ﬂyf,(z)
-ﬁ,@g—x— ﬁy-f—ﬂaf’(z)jg»- J ,
dx —
- 4z —L2=—Llz—x+ qf(e)]
® -2
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where )
(z)= talaz)y £ (it s :
Flz)=gg iale2)s fy ) 75y iy (az) (5)
are reduced to the dimensionless form of electronic tube characterlstics
(S and Sq must denote the sharpnese of the characteirlstics for anode and

grid currents, respectively, at any Tixed polnt, for instancs, in the linear
parts of the characteristica;;

b= ey RC= 8- C®

is the attepuation of the osclllatory clrcult, and: ’ by

LI — LS Fr e -
“ggf’ ‘s'?’“’c RC wuo R Y—Q—Ci and o= SR, 1)

#(The parameter @, vhich can be written ﬁ:k‘lc ,_-ZRQ’ is nothing but the ratio

of the tims constante of the eutomatic-blas clrduit g ¢, and the oscillatory 4 -
k “k

sironit

#%(1f the electronic vacuam-r - osoillator is & tetrode or psntode, the s¢reen

current 3¢ will also flow t. sugh the aatomatlc-blas clrcalt. Then, assuaning
propostionality between the gnode and screen 2i..rents, wrobtain q=§,+_%))kk,
where S(g) ie the sharpness of the asreer currsnt characieriatic.)

If the nonlinear system under discuselon approrimatee the coi ‘srvative
systen, falrly satiefactory results can be obtained by the van der Pol method;
: o that is, by substituting for the former sysiem of differential equations a

oimple nonlinear system of oco-called abridged egquations [ﬁ - 1;,7.

To pass from the system of equations (%) to the abridged syetem we shall
assums that the positive parameter &« 1s small and that the quantities «,8, 7
and  are of the order of unity so that when ,u—»olfua(”qy,.&‘ ‘md,eﬂ q

., then toward zero. ¢

When f4=0, the solution of eyatem (&) (now linear and conservative) is

X Veoc (T +P) y=—Vsin{T+ ¢) z=n+l(3)

vhere ¥, ‘//‘ @ ere arbltrary coastants.

N In equation system (4) (whea ## @) let us substitute V ,V avda ¢ for
. x, y aod z in accordance with {8). Substituting (8) in (k) and soiving for
#‘ Y I’ , wé obtain a non-autonomous system definingV, U, @ as . o . N
slowly“varyldg functions of time 7 (their rates o variatic' are of ths order <
of the small parameter # ). The ahridged equation system is ootainsd by . PRSI .
eliminating the right-aand terms in 7 and by dizoarding terms in A& higher AP - -
than the first power. Obvisusly, it will now be written in the form ) :

%‘;=pv{-—/+a§, (U V)—v®,q(UV)}

. (9)
. " L N(AY, o .
o ‘ - 3 -
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{'The right-hand terms of tne first equsticn in (9) have an obyious physical
slgnificance. The firgt term, § VY , reflocts the attenuation of oscillation
because of vectllating current losses; the second reflects the increass in
ogcillation amplitude because of the presence of an elsotronic tubs, and feed-
bgok; the laat reflecta the decrease in amplitude becauss of grid circult losses
canged by grid clreult rcactlon to the oscillating cirouit.)

vhere
i % = chk
§l (U,V)”—-’-%’ f’(U-PVcosf)sm‘;J;
5, (u,v)= Sf, (U+Vesst)sin'fdg
Q (Y V)"’ L FF(U-}'VCosé)a’é‘

The “shorter™ equation for _#a glves @ 3| & c'onétAnt , that is,
the corracticn for freguency of the order /4 eg0als zero.

18 "slov” time and v S,
(1)

If the oscillating ourreat ie in the anode ciroult (Figurs 2), the
same sbridged equations are obtained for V, the amplitude of the varlable
component, and for U, the conatant component of the grid voltage§ bat with

Lg$
RC (12)

For further analysis of equations (9!, let ue approximats the
characteristics of the unode and grid currents of the tube by means of the
discontinuous linear functions following:

fgmm S(vg—vg®) 1 (vg— V), 1g=Sgvy(vg) )

{rigure 3), where the unitary function, as usual, ls

(13a)
- O when x< 0
@)= whon 2 >¢.
Taking

A —y 2> 0,
as the unit of voltags, we shall obtain
Flz)em(z41)1(z+1), fg(2) ==](2)

and abrldgod eqnat.lona in the form

4T,=P(V V)=@V{—I+a¥ ()~ r?/, o)}

'/,r, =Q(vV)=—-U—9 V¥, (pa)=
s — Y LU((+1)8,+ Vsin 82}
-4 .
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vhere y, =5 7= s aod # A s deww. 21red in sccordnmie with
by theyi’tmc‘{‘im’is_v. AR _ T ?4’1.72

0 when pd~—|
d=128(y)= (darccos {-—-J/)wl,,c,,h)’él (}7)
ar whan 2 >

C. Singular Polnts

Lel -us examine the following phese semiplane of abridged equation
aystem (9): '

oL (f<mmo, VZO.

The aingular points in the phass plaue, points correaponifug to
ocaeillator progesses with the conetants ¢/ and V, are defined by the system
of ‘eguations P(V, U)=0 and (7, U)== 0.

o N
‘Mere 18 always s singale: polnt ({,, 0 ), on the U-axts (V==0j,

- ‘sorresponding to the unexolted stats of the osoillator. The value of U,

‘(o0 the 'abaciesa axis) 1s determined from the relation (0, U,) == 0;.that

k, it equals

' -q

U==33 (19)

. It ig casy to show that this singular point is a stable node If X,

and a saddle node (metastable point) if o > | .

When </ outside the axis V== 0, there are no singular points an?
therefore thers are alsn no limiting periods and all phase traces CLIVErge,
vhen T%s +0c0 , to the stable node (J,, Cj.

When x>/ there ic a_single (for each combination of the pareseters
@, Y,q) sibluar point (U, ¥) outslde the axis Ve=0J -- a polnt corro- _
- sponding to poriodical (unmodulated) self-excitatione. In the given scalo, v
iy the amplitude of self-excitation and T ta the constant o~mponsnt of
voltage in the automatio-bies ocurrent. This po. =t 1s defined as the polnt
of intargection of the following two curves: the R-curve .

RV, U)=a¥, (5.)-YV (p,)—1=0 (20)

apd the Q-ourve

Q(K&/:—U-:{V?&(&;):o- ‘v (1)
(The reason for there being but one singvlar point ie that elong tue
Q-curve, the parameter o of the R-curve is a monotonically increasing
function of V.) -

Fignre b gives the family of B-curves (parameters of the family o )
for Y= 20; sther Y's have anilogous families. The larger Yis (=a com-
pared with o ), the nearer the R-curves in the region %,> =/ become a
straight line 2, = -/ . It shculd be noted that in the reglony,(*l the
R-curves are a set of stvaight ilnes in vhich ;, 1e deteruined by the re-
lation: %

(22)

U=—1+%5, V
O(V,'(Sz).—_[ ‘
-5

cifﬁﬁ‘liﬁm
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Figure 5 illusgtratea = famlly of Q-curvea. Easch of the Q-curvea begins
at a corresponding paint (i, Ci.

It ghould be obeerved that tus RB- und Qwurve families are "Reiss"
diagrans [lﬂ, since they express the dependenca of the g~1f-excitation
amplitude ¥ on the constent component of the grld voltape U, the former, for
constant feed-back (@== a constant) and ths latter, for censtant reslstance
of autometic-blas circuit (g =me s constant).

The stability of a singular point (ﬁ, ), 1.6., the stability of corre-

sponding pertodic {unmodulated) seif-excitetion {with U and ¥V squai to constants ),
is defined, as we know, by the rxprassion

Z w"'au“{pz oV, &) L

at a singular polnt. In accordance with {16)

D, m% (510 48, — ysin 28,) — 6,+ % ?")

(23)
and ) )
D= Bi;e'(@‘y; Ji;.;;;-Y;' sin8,) (l+ -7%07,__>+,Z_ senby (x3in 8y—ysind,)=
=%—sz‘n£+@.&%—§l>0, (2b)

(Lines over the symbols indicate valuss of these magnitudes at the singular

point (¥, ¥).) In otner words, the singular point (ﬂ,’, ¥) 1s u node or foous,

stable vhen D, < 0 and unstable when D, > 0 . If the singular point

(T, V) liesyin the :e%ion asin2 B—~Y2n280 in particular, this w111 be when

A€ 2 or when ¢ €1}, 1t 1s steble for any 3. But if the singular polot
o (G, ¥) L1es in the région xsin28— Ysin28,>0 , 1.s., in the labile area

(I.S (Figure 4) betveen the geometric site of the (s)-points of the R-curves,
with vertical tangents, the stralght line »,= —) and the part of the
straight line #¥=—/ J& Y€ | , then the singular polnts (fJJ,) 7) are
stabls when @ < @, and unstable when @ >. g, where the "bifurcated™ value
of the parameter € ie

: -y
o=@y, = 2Tl

[-3
n

The corresponding critical value of the capacity of the automatic-blas
circuit will be :

sin zl,_—%-’.sin 24, (25)

. (Ck)critlcal=co—$"‘ where C'=2 _3_254- 3 .
. ' Wy (26)

. It should be noted that ths labile area (L) corresponde to the working
conditiops of self-excitation, which is unsiable withecut aulesmatic bias (constant
grid bigh U is g¥nerag:i by a special battery), and the sinqular point (U, V)
lies in the lablile area (L) when .

g>M ard 2L a Loy (27)

-8 -
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whers oy ==, (4, Y) 1s dets sined by *I» relatlons:

wpSin 2€, =Y 24570
«, 8, — Yo ="
Cos & o Wyl—eons by} == G

D. Limiting Cycles. Self-Mnduiation

Research on the character of "bifurcation™ when =@, , conducted in
accordance with the work of Andronav und Lesntovich and Bautin [1?_7 on
the nature of a limiting cyclie from a si.zuler Iacus-type point chowed that lr
the trapnsltion cf a monotonicaily lncreaslng parameter @ varoagh the b~
furcated" value 3= @, from the stable focus (T, 7) one stable limitiang cycle
appeared while the focus itself became unstable. This limitlng cycls in van
der Pol's plane obviously corresponds to celf-modulstion of self-excitatlon.
Whon @-» 8, ‘but @ >8, ) the dimensions of the cycle coaverge to zers.
When @ approachee @, (but @ >8, ) and the torm of the llmiting cycle le
nearly ellipsoidal, then self-modulationfe almost sinusoldel with Trequoncy:

ﬂ___. wgf( R —
26, (Vile=e,
0

Furthermore, as may sasily be demonstrated, the infinltely remote parts
of the panse semliplane (U, V) are absolutely unstable: all phase tracés enter
some finlte ares near the origin of the coordinates. Hence, when @ >@, Ln this
area there is known to be at least one stable limiting cycle. By meaus of
grapatc integration of differential syuatiors (16) for partiocular valnes of the
paramsters «, Y, q,g _, 1t 1o possible to show that: (1) vnen g > and
the singular point (U, V) is stable, there are nv limiting cyclra Lo the phase
semiplans; and that (2) waen ‘é“( -d: and the singular point (G, V) is vostable,
there 1s one and only vne limiting cycle in the phase semiplane and It is statle.

{28)

Thus, under any initlal conditions, "normal" unmodulated salf-excitations
are get up in the vacuum-tube ocscillator under consideration, 1T a process of
gelf-excitation is carrled out vhich i3 stabls without antomatic blas (etngular
point (U, ¥) lying outside the L-ares) or when conditlons (27) are satisfled,
but Cg > (Cp)eritical - VYhen conditions (27) are Malfilled and Cg>(Cxleritics!
is the oscillator, under any initlal conditions sg3jlf-excitetion m~An lated
according tu amplitade ia establiched  Wien Cp™=(Cy)-ridical  the result le
contiruons transition of the unmodulated aclf-exc*failcn process to a self-
modulated precess (vhen C increases) ond back (when Cy decraaser); e extent.
of the self-mocwlation of Gelf oxcitation is a continuous functliom of Ckf and
can be made as emall as dysired by eelecting the corresponding capaclity O Ck ’
sufficiently close o (Ck)c,,‘r.‘cql.

Such a process of developing self-modulation can be called soft (by analogy
with the aoft process of the devalopment of seif-excitation in & vacuum-tube
oscillator) and 1o dletingulshed in its esgentlal form from the hard process of
the developmert of gelf-modulation discovered by Yevtanov in the cace of a
vacuum-tube oscillator with a grid leak, and experimentally corroborated by the
authnr.

With inoreass in @ (after transition through @, ), the dimensions nT
the limiting cycle in tie phase semiplane increase ani its form differs always
wore and more from the ellipscidal and the lower part of the limliting cycle
approaches more and more closely to the U-axts ( Y==¢@). Iu other words, when
the capacity Ck of the automatic-biaa clrcuit lncreases, the result 1a a
smooth transitlon from sfnuseldal aself-modulation, with modulation a3 small as
desired, to intermittent oscillavion which 1s exprsased 1i: periodically dis-
continaons high-frequency self-excitations and occurs when (& >(C )C',,"d!
(when 8-+ o0 k k
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To illustrate the cheracter of the "=!Ffurcation” when @m== @y and the
transition of quasi-sirusoidal sclf-moduleticon in Intermittent osclllation with

"increase in 6 , Figures o, 7, 8 and  glvs part of the phase pictures of

’

zed Cop

the vacuum-~tube oscillator vnier discussion, plotted from the results of graphic
integration of equations {:{) ior o= 4 - y:.—zoiq,—_a—/o; and B== 4, 6, 15,
“+ e ("bifurcated™ valuse 5i *he parameter % for given ,Y, q is equal to
Go== 5,0/ . Figure 10 glves the curves showing the dependencs og ths V-
amplitude of high-frequency self-excitabticns on the "slow” tims ’l‘%w—cﬂ,
plotted in asccordance with the :orresponding limiting cycles in Figur e’% ta 9.
It is interesting to note that in the case ucder consideration the transition
from quasi-ginusoidal seif-modulation te intermittent osolliatlon dcours when

8 o
-5 —~
e, (Zp cn'ficjn;l
E. Extent of Parameters

A graphic representation of the process eastablished in & vacuum-t Me
oscillator may be given by ite parameters by expanding the oscillator paramsters
in various regiome. The vacuum-tube oscillator in question hae four essential
positive parameters: .

‘S
» ”C-‘-';.'E" q-_-—_(.S-o-S(g) /?,“ ;:_Eczﬁ and Y“lﬁezi’

(—g—, npt & 1a taken as a third parameter, since the latter depends not only
on’ C4 but alao on Rk ), vhere My =.AL 18 the imaginary induction oo~
efficient M reguired for the sslf-excitatidh of an oscillatorﬁfmz"* .

L' —= L for an opcillating circuit in'a grid circuit and L' =— Ig for' an
ogcillating circuit in an anode circult.

For a given 7 the surface =/ divides ths area where self-excitation
is absent (Figure 11, area I) from the area of "normal” unmodulated self-
excitation (area II); the surface ; =+ 8, {x, r,%that 1a,

o _F+i
9 PRCY AR
_'9-1 +4 ‘Vn. (?-z)= 0
xY (5:)~r ¥ (5,)=I
divides area IT and area III, the area of the self-modulation of eelf-excitation.

(29)

In Figxfg-ll, croas socticns of plane ok==/ and surface ‘g""""" Fo )
for Ye=20 ", are glvea for the planesg:_-eonst (9==5, 6, 8, 10, 20, ).
For example, in this illustration the crods section of area III is orosshatched
by the plane q*¥=10. Croes sections of these surfaces for other ¥'s are
identiocal with that shown in the i1llustration on the left-hand boundary of area
IIT and d1ffer oply on the right-hand boundary corresponding to processes with
grid surrents. -1% does not depend on 3 when ,(—/ and when self-
excitation 18 produced without grid currents; that is, when “<¢x, , where
o, ™=, ('9)15 determined by the following relacions:

4 /
A=Yl I Valy,) (30)

In Figure 11, points é(,, j)are denoted by oircles. The larger .Y ias, ths
nearer the 'srors ssctlicn uf the rigat-hand boundary of area III is to the
straight line o(==@C,(q).

.8 -
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“F. Experimental Results

The results obtalpned ware checksd on an oscillator, ln connectlion with the
plan of Figure L, with a 6Zh7 ﬁh*J 37 tube as an oscillator. In g very satis-
fying vay 1ts sharacteristics approximated the diecanumious linear fungtions
in the form (13) with tc £nViawing prrameters: == l.9-"§r. Symo.seBg . Sy=
020 B4, vS= 10V (For ug=250 Vard Wg)a=220 ¥) The remaining parameters vers
as follows’s 1=97 ul, G+ 500 pF [pFem ¥/ wpmel 4X10%/00c, M = 4 043
and Y=65. Back-feed 1/,’motion M varied vwithin' the interval from O to % mEH.

The measurements clted were completely corroborated non only qualitatively
but guantitatively, within 10 to 15 percent of the caloulated results of the
theo¥ytstated above, for processes in a vacuum-tibs peclllator with sutomatic
cathode-bias cirouit, both for amplituds of self-excitation without eslf-
modulation and for critical capacity. 4 similar quantitative verification of
theoretloal rssults ocourred with greater circuit attenuetions {(when ﬂ~ﬂ.l).

The "spft™ proceas of the self-mpdulation phenomencn wag demonstrated by -
& geries of photographs ¢ phaes traces on the complex plans (U, V), teken by
msans of a cathode osclllograph, which showed the genesis nf a limiting oyole
corresponding to "normal” unmodulated self-excitation when ck passed through
. the critiosl value (:c»cr.iﬁca/'

In contrast with the work:of Bendikov and Gorslik j_].}], whotugrupns wers
‘taken not only of singular polnts and limiting oycles, but also of phase traces
‘which approximate them asymptotically. For thie purpose voltage was supplied
to one palr of deflecting plates from an automatis-blas circuit; mnd to the
cther was applied a voltage proportional to the "amplitude nof self-exoitation®
V; ths latter wvae supplied from a diode detector connected with the oscillating
oirouit through 1 "buffer" cascade with initial realstance approximately 10M0.
To get tho phase tramces, corresponding wita the trensient processes, 1t was
necessary repeatedly to fix the very sam. initial oonditions in the oscillator.
For this work a relay was used which short-circuited (sbout 15 times per second )
the automatio-bias oircult.

’

Figures 12, 15, 14 and 15 /photographs, not reproducec_l] were obtained for
the following values: M = 1.4 mHlx=82) Rx=8 kL ( =24); and capasitanoes
Cho= 0.086uF - (Figure 12), 0.090 #F (Figure 13), ;092 F(Figure 14),
and 0,096 i F (Figure 15). In this case (Crluitjeal™ 0-09//‘; (calcnlation by
tormula (29) givee (Cy)csitical =0-9IM F) . In the first two photographs the
capanity of the automatic-biae circult was less taen the oritical capacity and
the phase traces entered the atable focue (l-f, V), corresponding to the steady-
state proces+ of unmodulated self-excitation. It can be reudily seen how, vhen Cy
a prgaohea(’:k)cr'f,w/ , the spacing of the spiral grows smaller ard colls on
(3, ¥) ard how, from the focus (U, V) a atable limiting oycle makes its
appearance (Pigure 1b).

Thus, a fully verified agrevment hetween the resuts of theory and experi-
fient shuvws that the "eaall parameter™ m-thod, the method of abridged equations,
glres aot only a qualitative but a quite satisfactory quantitative description
of the processes of & wacuam-iuhe og.liiator witi automatic cathode-blas clrouit
(even with oscillating clrcuit attenuation a4 -~ ol ).

In conclusion, I consider it my dut_’° to express my deep gratltude to
Acadeniclan A. A. Andronov for his valuable advice and asslstancs.
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